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ABSTRACT: Disordered hyperuniform systems are disordered configurations that suppress density fluctuations at large length scales while 

lacking the conventional long-range translational order characteristic of crystals. Developing computational approaches capable of generating 

and dynamically studying such structures is important for understanding their formation and for designing functional disordered materials. Here, 

we introduce and investigate a modified phase-field-crystal (PFC) model in which the characteristic wavenumber controlling the preferred lattice 

spacing is subjected to a spatially and temporally fluctuating perturbation. Starting from random initial conditions, the system evolves from a 

liquid-like state toward patterned states whose local structure remains approximately triangular while conventional long-range translational order 

is disrupted. The resulting structures are characterized using local number variance and pair-correlation functions. For perturbation amplitudes 0 

≤ 𝛿 ≤ 0.20, the number variance exhibits approximately linear scaling consistent with class-III hyperuniform behavior in two dimensions. At the 

same time, the pair-correlation function retains several well-defined short-range peaks while approaching unity at large separation, demonstrating 

the coexistence of local structural order and the absence of conventional long-range spatial correlations. The free-energy evolution follows an 

approximate power-law decay 𝐸(𝑡) ∼ 𝑡 . , corresponding to a characteristic domain length scale 𝐿 ∼ 𝑡 . . A numerical state diagram in the 𝑟 − 𝛿 

parameter space further demonstrates the persistence of the triangular state over a range of perturbation amplitudes, with larger perturbations 

promoting coexistence with other patterns. These results demonstrate that a stochastic characteristic wavenumber provides a simple 

computational mechanism for generating disordered hyperuniform states within a PFC framework and for studying their formation on diffusive 

time scales.  

 

KEYWORDS: disordered hyperuniformity, phase-field crystal, stochastic wavenumber, pattern formation, free-energy dynamics, short-range 
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1. INTRODUCTION  

Disordered materials can display structural correlations that are not apparent from their visual disorder. A particularly important class is formed 

by disordered hyperuniform systems, which combine the absence of conventional long-range translational order with an anomalous suppression 

of density fluctuations at large length scales [1–5]. In an ordinary disordered system such as a liquid, the number of particles contained within an 

observation window fluctuates according to the volume of the window. In a two-dimensional Poisson-like system, for example, the number 

variance scales as the area of the observation window. Hyperuniform systems instead exhibit number fluctuations that grow more slowly than the 

volume of the observation window  

[6,7].  

This combination of disorder and suppressed long-wavelength fluctuations distinguishes hyperuniform structures from both conventional rystals 

and ordinary disordered systems. Crystals possess long-range translational order, whereas liquids and structural glasses generally exhibit strong 

density fluctuations at large length scales. Disordered hyperuniform configurations occupy an intermediate structural regime: they can appear 

statistically disordered while retaining hidden large-scale organization [1,6,8].  

Hyperuniformity has been identified in a broad range of physical systems, including jammed particle assemblies, disordered ground states, 

biological structures, photonic materials, and nonequilibrium systems [9–18]. The structural characteristics of these systems can lead to unusual 

optical, transport, mechanical, and thermodynamic properties. In particular, hyperuniform disordered arrangements have attracted considerable 

interest for photonic applications because they can combine disorder with controlled suppression of long-wavelength density fluctuations [19–21].  
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An important problem is therefore the development of computational methods capable of generating and controlling disordered hyperuniform 

structures. Inverse-design approaches, particle-based models, and stochastic construction methods have all been used to address this problem 

[1,22,23]. However, many computational approaches focus on static configurations rather than on the dynamics through which the structures form.  

The phase-field-crystal (PFC) model provides a potentially useful framework for this purpose. PFC models describe a coarsegrained density field 

while retaining microscopic length scales and allowing simulations over diffusive time scales [24–27]. They have been widely used to study 

crystallization, grain growth, epitaxial growth, defect dynamics, and other processes involving crystalline structures. The principal advantage of 

the PFC approach in the present context is that it provides a computationally efficient description of pattern formation at length scales associated 

with microscopic structure while permitting access to substantially longer diffusive time scales than conventional molecular-dynamics simulations.  

The standard two-dimensional PFC model supports several characteristic states, including a homogeneous liquid-like state, a triangular or 

hexagonal crystalline state, and a stripe state [26–29]. The periodic crystalline state arises because the free-energy functional contains a preferred 

characteristic wavenumber 𝑞 , which establishes a characteristic structural length scale.  

In this work, we modify this mechanism by allowing the characteristic wavenumber itself to fluctuate. Rather than imposing a single fixed structural 

wavelength, we introduce a stochastic characteristic wavenumber. The resulting local fluctuations in the preferred wavelength provide a simple 

route for disrupting conventional periodic order while retaining the underlying tendency toward local pattern formation.  

The objective is to determine whether this stochastic-wavenumber PFC model can generate disordered hyperuniform structures and, if so, to 

characterize their structural and dynamical properties.  We further examine the robustness of the resulting states as the perturbation amplitude is 

varied. The present study extends earlier work on uniformly randomized lattices, which demonstrated resilience of short-range order under static 

random positional perturbations [30]. In contrast, the present approach incorporates randomness directly into a dynamical PFC framework through 

the characteristic wavenumber, thereby providing a mechanism for generating and evolving disordered structures during free-energy relaxation.  

  

2. MODEL AND NUMERICAL METHODOLOGY  

2.1 Phase-field-crystal free energy  

The PFC model describes the system using a continuous density-like field 𝜓(𝑟, 𝑡). The free-energy functional considered here is  

 
where 𝑟 is a reduced temperature-like parameter, 𝜆 is a phenomenological parameter, 𝑞 is the characteristic wavenumber, and Ω denotes the 

computational domain.   

The characteristic wavenumber determines the preferred structural wavelength.   

For a fixed 𝑞 , the corresponding characteristic lattice spacing is  

 
   

For conventional PFC dynamics, the order parameter can evolve according to either conserved or unconserved dynamics. The conserved form is 

associated with particle-number conservation, whereas the unconserved form corresponds to a Swift–Hohenbergtype relaxational dynamics.  

In the present work, the unconserved dynamics are used:  

 
Where 

 
is the chemical potential.  

This choice permits the study of pattern relaxation without imposing a particle-conservation constraint. The resulting dynamics evolve the density 

field toward lower free-energy configurations.  

2.2 Stochastic characteristic wavenumber  

The principal modification introduced in this work is the replacement of the fixed characteristic wavenumber by a stochastic quantity,  

 
Here, 𝑞 is the reference characteristic wavenumber, 𝛿 controls the magnitude of the perturbation, and 𝜂(𝑟, 𝑡) is a stochastic field satisfying  

 
and  

 
The parameters are chosen as  

 
with perturbation amplitudes in the range    
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For 𝛿 = 0, the model reduces to the fixed-wavenumber case. Increasing 𝛿 introduces increasing fluctuations into the locally preferred structural 

wavelength. The physical motivation is straightforward. A fixed 𝑞 favors a globally coherent periodic length scale. Allowing 𝑞 to fluctuate 

introduces spatial and temporal variation in this preferred length scale. The system can therefore retain a tendency toward local organization 

without being forced into a single globally periodic configuration. The resulting mechanism differs from simply perturbing the positions of particles 

after a crystal has formed.  The structural disorder develops during the free-energy evolution itself.  

2.3 Computational domain and discretization  

The equations are solved numerically in a two-dimensional square domain, 0 ≤ 𝑥 ≤ 𝐿, 0 ≤ 𝑦 ≤ 𝐿.  

The largest simulations use  𝐿 = 1024, with a  1024 × 1024 spatial grid. The temporal discretization time steps uses Δ𝑡 = 0.01,  with a maximum 

simulation time of 𝑡 = 25000. Periodic boundary conditions are imposed,  

 
where 𝑚 is an integer. The initial density field is generated from random fluctuations,  

 
where 𝜉 , is a random field that is uniformly distributed  𝜉 ∈ (−0.5, 0.5).  

The fourth-order differential equation is reduced to a system involving second-order spatial derivatives, with the Laplacian evaluated using a 

central finite-difference approximation. The temporal evolution is advanced using Euler algorithm.  

Simulations were performed using high-performance computing resources at the Centre for High Performance Computing (CHPC) 

supercomputers.  

2.4 Simulation protocol  

For each parameter set, independent simulations were initialized from different random density fields. The thesis reports 30 independent 

simulations for the principal parameter sets and more than 15 simulations for each parameter combination used in constructing the state diagram.  

The free-energy evolution was monitored throughout the simulations. At late times the relative change in free-energy density became negligible, 

with the simulations being terminated at 𝑡 = 25000 for the principal analysis.  

At approximately 𝑡 = 400, the simulations already exhibited negligible free-energy changes according to the criterion used in the original study; 𝑡 

= 25000 was therefore justifiably used as a late-time state for structural characterization.  

  

3. STRUCTURAL CHARACTERIZATION  

3.1 Point-pattern representation  

The PFC simulations produce continuous density fields rather than explicit particle coordinates. To characterize the resulting structures using 

point-pattern methods, the high-density regions of the final density field are identified, and their central positions are extracted. These positions 

provide an effective point representation of the density maxima. The resulting point patterns are subsequently used to calculate local number 

fluctuations and pair correlations. This transformation allows structural properties of the continuous PFC field to be connected to the established 

statistical framework used for hyperuniform point patterns.  

3.2 Number variance  

Hyperuniformity is characterized by the scaling of density fluctuations at large length scales. In real space, a sampling window of characteristic 

radius 𝑅, the local number variance is   

 
For a conventional disordered system in two dimensions, the asymptotic scaling is generally proportional to the area,  

 
For a hyperuniform system, the number variance grows more slowly. Class-I hyperuniform systems exhibit  

 
in two dimensions. For the simulations reported here, more than 6000 sampling centers were randomly distributed within the system without 

overlapping the finite system boundary. The largest sampling radius was restricted to 

 
3.3 Pair-correlation function  

The pair-correlation function 𝑔 (𝑟)provides a real-space measure of structural correlations.  

For a statistically homogeneous point pattern,  

 
measures the probability of finding a particle at separation 𝑟 from a reference particle relative to the probability expected for an uncorrelated 

distribution. A conventional uncorrelated system approaches 𝑔 (𝑟) → 1 at large separation.  
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In a crystal, by contrast, the pair-correlation function contains persistent peaks associated with the repeated long-range periodic structure.  

Consequently, the combination of pronounced short-range peaks and 𝑔 (𝑟) → 1 at large 𝑟 provides evidence for local structural order without 

conventional long-range translational ordering.  

  

4. RESULTS  

4.1 Formation of disordered patterned states  

Starting from random initial density fields, the system initially resembles a homogeneous liquid-like state. As the free energy decreases, spatial 

modulation develops and a patterned state emerges.  

              
  

Figure 4.1 Showing 1302 section of the 10242 snapshots of the patterns at (a) 𝑡 = 0, (b) 𝑡 = 4000, (c) 𝑡 = 8000, (d) =15000, (e) 𝑡 = 20000, 

(f) 𝑡 = 250000, and (g) is the free energy density versus computation time for the parameters 𝑟 = −1 and 𝛿 = 0.10 . 

  

For example, simulations at 𝑟 = −1 and 𝛿 = 0.10 show the progressive formation of a patterned structure as the simulation evolves. The density 

field develops spatial organization while the free energy decreases toward a late-time state.  

The simulations show that different random initial conditions evolve toward the same broad structural state for a fixed set of model parameters. 

This behavior indicates that the observed morphology is not simply a consequence of a particular initial random realization. The late-time structures 

retain recognizable local triangular organization but lack the obvious global periodicity of an ideal triangular crystal. This is the first indication 

that stochastic modulation of the characteristic wavenumber can transform the conventional PFC crystalline tendency into a disordered patterned 

state.  

4.2 Effect of stochastic perturbation amplitude  

The perturbation amplitude 𝛿 controls the magnitude of the stochastic fluctuations in the preferred characteristic wavenumber. At 𝛿 = 0, the model 

has a fixed characteristic wavenumber and produces the conventional ordered pattern associated with the selected PFC parameter regime. 

Increasing 𝛿 introduces increasing local variation in the preferred structural wavelength.  

The resulting structures remain locally organized, but the global periodicity becomes progressively disrupted. For perturbations up to 𝛿 = 0.20, the 

system retains a disordered triangular-like morphology suitable for further hyperuniformity analysis.  
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Figure 4.2: Shows evolution snapshots of the systems at 𝑡 = 4000, 𝑡 = 8000, 𝑡 = 15000,  𝑡 = 20000 = and 𝑡 = 25000 for fixed 𝑟 = −0.1, as 

observed for different noise strength δ values. 

 

The results therefore indicate that stochastic modulation does not immediately destroy local organization. Instead, it produces a regime in which 

local order and large-scale disorder coexist.  

4.3 Hyperuniformity from number-variance scaling  

The final configurations were converted into point patterns and analyzed using the local number variance.   

 
Figure 4.3: Left window shows density scalar fields realization of the Swift-Hohenberg equation for 𝑟 = −0.1 and 𝛿 = 0.15 at 𝑡 = 25000. 

Right window shows point pattern generated by reducing the high-density locations in left window. 

  

For  𝛿 = 0, 0.10, 0.15, 0.20, the measured number variance exhibits an approximate with power-law scaling,  

 
In a two-dimensional system this corresponds to 𝛼 = 0.5. This is the characteristic scaling consistent with class-III hyperuniformity (0 < 𝛼 < 1), 

indicating a weakest hyperuniformity where the variance grows slower than the volume but faster than the surface area.  
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Figure4.4: Logarithm of the number variance 𝜎 = 𝑁(𝑅) versus the logarithm of the window radius R for 𝛿 = 0.0, 𝛿 = 0.10, 𝛿 = 0.15, and 𝛿 

= 0.20 at 𝑡 = 25000, 𝑟 = −0.1. The solid line is guide that illustrates the linear dependence of the number variance with the radius of 

sampling window.  

  

The result is significant because the corresponding density fields are not conventional periodic crystals. The stochastic-wavenumber mechanism 

therefore produces structures that retain strong suppression of long-wavelength density fluctuations despite the loss of obvious translational 

periodicity.  

The numerical results support the interpretation that the generated triangular-like disordered structures are hyperuniform over the range of 

perturbation amplitudes investigated.   

4.4 Persistence of short-range order  

The pair-correlation functions provide complementary information about the structural organization. For the different stochastic perturbation 

amplitudes, the first several peaks of 𝑔 (𝑟) remain approximately at the same positions. In particular, the first prominent peak occurs around  

 
The persistence of the first four peaks indicates that the local structural environment remains relatively stable as the stochastic perturbation 

amplitude is increased.  

 
Figure 4.5: Pair correlation functions 𝑔 (𝑅) of the systems under varying noise amplitudes δ. 
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 At larger distances, 𝑔 (𝑅) → 1. This behavior indicates that the local correlations decay and that conventional long-range translational order is 

absent. The combined number-variance and pair-correlation results therefore reveal two apparently contrasting features robust short-range 

structural order and suppressed long-range density fluctuations without convectional periodic order. This combination is characteristic of the 

hidden structural organization associated with disordered hyperuniformity.  

4.5 Free-energy relaxation  

The formation of the patterned structures is accompanied by a decrease in the system free energy. For the different perturbation amplitudes 

investigated at 𝑟 = −0.1, the free-energy evolution follows an approximate power-law form   

        (4.3) 

The simulations yield  

 
The free-energy evolution exhibits an obvious dependence on the perturbation amplitude 𝛿. For larger perturbations, the system undergoes a 

relatively smooth relaxation towards a long-time state, with the intermediate-time decay approximately following an algebraic form, 𝐸(𝑡)~𝑡 . . . In 

contrast, the cases with smaller perturbations exhibit a more complex relaxation pathway. These trajectories initially decreased to a metastable low 

energy state before undergoing a subsequent transition to a second, lowerenergy state at later times. This two-stage relaxation suggest the presence 

of competing metastable configurations or energy minima, with the system requiring additional time to reorganize from the initially accessed state 

into a lower-energy configurations. The observed behavior indicates that the perturbation amplitude influences not only the rate of energy 

relaxation but also the pathway through which the system approaches its final state.  

  

 
Figure 4.6: Shows the insert of the long-time free-energy evolution on a log-log Scale. The blue line represents a power-law reference, 

𝐸(𝑡)~𝑡  ± ., which captures the overall decay trend of the free energy over the approximately algebraic regime. Deviations from this 

scaling at early and late times reflect the crossover towards the corresponding long-time states 

  

The characteristic length scale associated with the evolution is reported to grow approximately as  

 
which is close to  

 
Thus, the free-energy relaxation can be summarized approximately as  

 
These results indicate that the stochastic perturbation changes the spatial organization of the resulting state without substantially changing the late-

stage scaling behavior of the free-energy relaxation. The scaling of the characteristic function indicates that the unconserved system is growing 

faster than the classical diffusive scaling.  

4.6 State diagram in the 𝒓 − 𝜹 parameter space  

To examine the robustness of the resulting structures beyond a single parameter choice, simulations were performed over 𝑟 ∈ (−0.8, 0.1) and 𝛿 ∈ 

(0, 0.2).  

More than 15 simulations were performed for each parameter set using random initial conditions. Four broad states were identified: homogeneous 

liquid-like states, triangular patterned states coexistence states and stripe states. The triangular state occurs over a finite region of the parameter 
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space. For smaller perturbation amplitudes, changing 𝛿 at fixed 𝑟 does not substantially change the resulting state. At larger perturbation 

amplitudes, particularly for 𝛿 ≳ 0.15, the system increasingly enters coexistence regions.  

             
Figure 4.7: (a) Phase diagram of resulting phases that were obtained from initial conditions in 2D minimization along the 𝑟 − 𝛿 plane. 

The hatched regions show the coexistence phase, (b) realizations corresponding to the different phases of the phase diagram 

 

The numerical state diagram therefore demonstrates that the stochastic-wavenumber modification does not immediately destroy the underlying 

pattern-forming behavior. Instead, the perturbation produces a range of disordered triangular-like states before sufficiently large perturbations 

drive the system toward qualitatively different morphologies.  

  

5. DISCUSSION  

The principal result of this study is that stochastic modulation of the characteristic wavenumber provides a simple mechanism for producing 

disordered hyperuniform structures within a PFC framework.  

The mechanism differs conceptually from imposing disorder on a pre-existing crystal. In the present model, the preferred structural wavelength 

itself fluctuates during the evolution. Consequently, the system continuously experiences a competition between the tendency of the PFC free 

energy to establish a characteristic pattern and the stochastic spatial and temporal modulation of the characteristic wavelength.  

This competition produces a useful structural regime. At short distances, the system retains a well-defined local organization, as demonstrated by 

the persistence of the first several peaks in 𝑔 (𝑟). At large distances, the pair correlation function approaches unity, indicating the disappearance 

of conventional long-range translational correlations.  

At the same time, the number-variance analysis shows  

 
indicating that large-scale density fluctuations remain suppressed corresponding to class III hyperuniformity. The combination of these 

observations provides evidence that the resulting structures are not simply ordinary disordered patterns. Instead, they retain hidden large-scale 

organization characteristic of hyperuniform systems. The robustness of this behavior to perturbations is also notable. The number-variance scaling 

remains approximately linear for the investigated perturbation amplitudes up to 𝛿 = 0.20, while the short-range pair-correlation structure remains 

relatively stable. This suggests that the hyperuniform state is not associated with a single finely tuned value of the stochastic perturbation. Rather, 

it occupies a finite range of the model parameter space. The dynamic results provide a second important aspect of the study.   

  

The free-energy evolution follows an approximate power law with exponent approximately  while the associated length scale grows as 

The approximate correspondence between these exponents suggests a consistent late-stage scaling regime in which progressively larger 

domains of the disordered hyperuniform pattern develop during relaxation.  

The resulting approach is computationally attractive because PFC models operate at microscopic length scales while allowing access to diffusive 

time scales. This makes the framework potentially useful for investigating pattern formation processes that would be computationally expensive 

using fully atomistic molecular-dynamics simulations.  

 

7. CONCLUSIONS  

We have investigated a modified two-dimensional phase-field-crystal model in which the characteristic wavenumber is subjected to stochastic 

perturbations.  The stochastic-wavenumber PFC generates disordered triangular-like structures. Starting from random initial conditions, the model 

evolves toward patterned states that retain local organization while lacking obvious conventional longrange periodicity. The resulting structures 

exhibit hyperuniform number-variance scaling. For perturbation amplitudes up to 𝛿 = 0.20, the measured number variance approximately follows 

𝜎 (𝑅) ∼ 𝑅 . , consistent with class-III hyperuniform behavior in two dimensions. The first several peaks in the pair-correlation function remain 

approximately unchanged as the stochastic perturbation amplitude is varied. This gives evidence that short-range structural order is robust. 
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Conventional long-range spatial correlations are suppressed. The pair-correlation function approaches unity at large separation, distinguishing the 

resulting structures from conventional crystalline order. The free-energy relaxation follows an approximate power law. The simulations give 𝐸(𝑡) 

∼ 𝑡 . , with the associated length scale approximately obeying 𝐿 (𝑡) ∼ 𝑡 . . The disordered hyperuniform state is robust over a finite perturbation 

range. The numerical state diagram shows persistence of the triangular state for a range of perturbation amplitudes, while sufficiently large 

perturbations promote coexistence and other patterns.  

Overall, the results demonstrate that introducing stochasticity into the characteristic wavenumber provides a simple route for generating and 

studying disordered hyperuniform states using phase-field-crystal dynamics. The approach combines structural disorder with suppressed long-

wavelength density fluctuations and provides access to diffusive pattern-formation dynamics. Future work should extend the model to three 

dimensions, curved geometries, and other PFC pattern-forming regimes, including stripe states. Further characterization should also include 

reciprocal-space structure factors, quantitative uncertainty estimates for scaling exponents, and systematic finite-size analysis.  

 

DATA AND CODE AVAILABILITY  

The original study includes a Fortran implementation of the stochastic-wavenumber Swift–Hohenberg/PFC calculation in the thesis appendix. For 

journal submission, the computational code and, where possible, representative simulation data should be deposited in an appropriate public 

repository.  
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